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ON THE DIVERGENCE OF THE ROGERS-RAMANUJAN 
CONTINUED FRACTION ON THE UNIT CIRCLE 

D. BOWMAN AND J. MC LAUGHLIN 



O ' Abstract. Let the continued fraction expansion of any irrational num- 

^^ I ber t £ (0, 1) be denoted by [0,ai(i),a2(t), ■ • • ] and let the i-th conver- 

gent of this continued fraction expansion be denoted by Ci{t) / di{t) . Let 

S= {te (0, 1) : ai+i{t) > 0'*'**' infinitely often}, 

where = (\/5 + l)/2. Let Ys = {exp(27rjf) -.t £ S}. It is shown that if 
pH ' y & Ys then the Rogers- Ramanujan continued fraction, R{y), diverges 

at y. S is an uncountable set of measure zero. It is also shown that 
there is an uncountable set of points, G C Ys, such that if y G G, then 
rG ' R{y) does not converge generally, 

jrt . It is further shown that R{y) does not converge generally for \y\ > 1. 

However we show that R{y) does converge generally if y is a primitive 
5m-th root of unity, some m € N so that using a theorem of I. Schur, it 
converges generally at all roots of unity. 

(N 
> 

O ' 1- Introduction 

l> , 

C^ , The Rogers-Ramanujan continued fraction, R{x), is defined as follows: 



o 

?3 ' x^ 

1 + 



1 
R(x) := 

1 + 



1 + 



x^ 



H \ Put Kix) = X5 /R[x). This continued fraction seems to have been first 

investigated by L.J. Rogers in 1894 (Q) and rediscovered by Ramanujan, 
sometime before 1913. 

It is an easy consequence of Worpitsky's theorem (see |^) that R{x) con- 
verges to values in C for any x inside the unit circle. In fact, many explicit 
evaluations of R{e~'^^) and R{—e~'^^) have been given for n G Q"*" (see, 
for example, Q, [Q|, [^] and ||l^), some of which were asserted by Ramanujan 
without proof. 
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2 D. BOWMAN AND J. MC LAUGHLIN 

It was stated by Ramanujan, and proved in [^, that if |x| > 1 then the 
odd and even convergents tend to different Umits. 

This leaves the question of convergence on the unit circle. Schur showed 
in 1^] that if x is a primitive m-th root of unity, where m = (mod 5), then 
K{x) diverges and if x is a primitive ?7i-th root of unity, m ^ O(mod 5), 
then K{x) converges and 

1 — Xam 

(1.1) K{x)=Xx^^K{X), 

where A = (^) (the Legendre symbol) and a is the least positive residue of 
m (mod 5). Note that K{1) = <j) = (V5 + l)/2, and K{-1) = 1/0. It follows 
that R{x) takes only ten possible values at roots of unity. For later use we 
define 

{— (/)exp (27rij/5), 1 < J < 5, 
^"p(y /^) , 6<j<io. 

Remark: {i?j}^2=i consists of the ten values taken by R{x) at roots of 
unity. 

Since Schur's paper it has been an open problem whether K{x) converges 
or diverges at any point x on the unit circle which is not a primitive root of 
unity. 

Let the regular continued fraction expansion of any irrational t G (0, 1) 
be denoted by [0, ai(t), 02(t), • • • ]. Let the z-th convergent of this continued 
fraction expansion be denoted by Ci{t)/di{t). Occasionally we write aj for 
ai(t), di for di{t) etc, for simplicity, if there is no danger of ambiguity. In 
this paper we prove the following theorem. 

Theorem 1. Let 

(1.3) S = {te (0, 1) : ai+i{t) > (/>'^*(*) infinitely often}. 

Then S is an uncountable set of measure zero and, if t G S and y = 
exp(27rit), then K{y) diverges. 

As an example of a point in S, we give the following corollary to Theorem 



Corollary 1. Let t he the number with continued fraction expansion equal 
[0, ai, 02, • • • ], where ai is the integer consisting of a tower of i twos with an 
i an top. 

t= [0,2,2^ ,2^ ,•••] = 
0.484848484848484848484848484848484848484848484848484848484 
84848484848484848484849277885083112437522992318812011 • • • 



If y = ewi^nit) then K{y) diverges. 
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In Q, Jacobson introduced the concept of general convergence for con- 
tinued fractions. General convergence is defined in [^ as follows. 
Let the n-th convergent of the continued fraction 

M = bo + 



"2 
61 + 



02 H 



be denoted by An/Bn and let 

Sn(w) = 60 H 



&3 + ■ ■ ■ 
0-1 An + wAn-l 



61 + 



a2 Bn + wBn-l 



62 + 



03 



^3 + 



hn + W 



Define 

(1.4) d{w,z) 



\z — w\ 



y/l + \w\^ ^/l+W' 



if w and z are both finite, and 

d{w, cxd) 



xAT 



w 



2 



Definition: M is said to converge generally to / G C if there exist sequences 
{vn}, {wn} C C such that liminf (i(t'ra,ti;n) > and 

lim Sn{vn) = lim 5'„(w„) = /. 

n— >oo n— ►oo 

If a continued fraction converges generally, then it does, in a certain sense, 
to the "right" value. More precisely, for n = 0, 1, 2, • • • , let 

We use the following theorem from ||5|. 

Theorem 2. The continued fraction bo + K{an/bn) converges generally to 
f if and only i/limS'„(u„) = / for every sequence {n„} from C such that 

liminf (i(M„, — /in) > if f "/^ 00, 

n— +00 

liminfd(u„,-^„/^„_i) > if f = 00. 

n— »oo 

This theorem in turn has the following important corollary ( also from 
§)• 

Corollary 2. Let 69 + K{an/bn) converge generally to f and to g. Then 
f = 9- 
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Classical convergence implies general convergence (take u„ = and Vn = 
oo, for all n), but not conversely. Thus general convergence is a natural 
extension of classical covergence. 

As Schur showed in [^, K{x) does not converge in the classical sense 
when X is an m-th root of unity, where ra = O(mod 5). However K{x) 
can be shown to converge generally in this case. We have the following 
proposition. 

Proposition 1. If x is an m-th root of unity, where m = 0{niod 5), then 
K{x) converges generally. 

Taking Proposition |l| along with Schur's theorem shows that K{x) con- 
verges generally at any root of unity. 

This suggests the question of general convergence at points on the unit 
circle which are not roots of unity. We have the following theorem. 

Theorem 3. Let t he any irrational in (0, 1) for which there exist two 
subsequences of convergents {cj^/dj^} and {cg„/dg^} and integers r, u £ 
{0, 1, 2, 3, 4}, integers s, v £ {1, 2, 3, 4} such that 



(1.5) 


C/n 


= r{mod 5), Cg^ = u{mod 5), 




dfr. 


= s{mod 5), dg^ = v{mod 5). 


and 






(1.6) 




a;,„+i>2^(4„ + l)V'-+"'''", 



for all n, where hn = fn or gn- 
Suppose further that 

(1.7) R{exp{2TTir/s)) = R^ j^ Rb = i?(exp(27rm/w)), 

for some a, 6 G {1, 2, • • • , 10}. 

Let 5* denote the set of all t G (0, 1) satisfying (pTsI), (1.6) and {'LT) and 
set 

(1.8) G = {exp{2mt) : t G 5"^}. 



Then G is an uncountable set of measure zero such that ify€G, then K{y) 
does not converge generally. 

Remark: It follows from ( |1.6| ) that S"* C S. Once again it is possible to 
give explicit examples of points y for which K{y) does not converge generally 
and in Corollary ^ we show that K{y) does not converge generally for the 
the point y in Corollary |l[ 

An interesting question is what forms can divergence take. In fact there 
are uncountably many points y on the unit circle such that R{y) has subse- 
quences of convergents tending to all ten of the i?j's defined by (^). We 
prove the following proposition. 
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Proposition 2. There exists an uncountable subset G* C Ys such that if 
y ^ G* then there exist ten sequences of positive integers, {rajj}._, , 1 < j < 
10, say, such that lirrij^oo Rrii (y) = Rj ■ 

This proposition is not strictly necessary for the proof of Theorem H but 
we find the existence of the set G* to be of interest. It is possible to give 
exphcit examples of such points in G* . We have the fohowing corohary to 
Proposition |2|. 

Corollary 3. Let the sequence of integers {ai}'^^ ^^ defined by 



{ai,a2,---} = {0,2,1, 2,1, 0,0,1, 2,1,0, 2, 2,4}, 

where the bar indicates that the terms under it repeat infinitely often. Let t 
be the number with continued fraction expansion given by 

t = [0,51 + ai,g2 + 02,53 + a3,---], 

where gi is the integer consisting of a tower of i sixteens with an i an top 
and the ai 's are as above. 

t= [0,16, 16^^ +2,16^^ +1,...] = 

0.06249999999999999999999999999999999999999999999999999999999 
9999999999999999999999999999999999999999999999999999999999999 
9999999999999999999999999999999999999999999999999999999999999 
9999999999999999999999999999999999999999999999999999999999999 
9999999999999999999999999999999999999999999999999999999999999 
9999999782707631005156114932594461198007415603592189407975407 
1725266194446089419127033011861051603999 • • • . 

If y = exp(27rzt) then R{y) has subsequences of convergents tending to all 
ten values taken by the Rogers-Ramanujan continued fraction at roots of 
unity. 

We also consider the question of general convergence outside the unit 
circle. It was proved in [|l[| that if < |x| < 1 then the odd convergents of 
l/K{l/x) tend to 

2 3 

= Fi(x) 



(1.9) 




1- 


x 

'T + 


X2 
1 - 


X3 
1 


+ 


while the 


even 


convergents tend to 






(1.10) 




x 


X* 


X^ 


Xl2 






1 + 


1 + 


1 + 


1 


' + 



T^^^-r^-r^...:=^2(x). 



Worpitsky's theorem gives that each continued fraction does converge inside 
the unit circle to values in C It is not clear that Fi{x) / -^2(3^) for all x 
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inside the unit circle but Worpitsky's theorem again gives that -Fi(x) 7^ 
F2{x) for |x| < 1/4 and for such x we have the following proposition which 
implies that the Rogers- Ramanuj an continued fraction does not converge 
generally at 1/x. 

Proposition 3. Let C = bo + K^^an/bn be such that the odd and even 
convergents tend to different limits. Further suppose that there exist positive 
constants ci, C2 and C3 such that, for i > 1, 



(1.11) 
and 

(1.12) 



ci < \bi\ < 02, 



a2i+l 



a2i 



< C3. 



Then C does not converge generally. 

2. Divergence In The Classical Sense 



Let 



Knix) := 1 + i^"=i 



n -^ -'n \X) 



'-' 1 Qn{x) 

denote the n-th convergent of K{x) and let Rn{x) = x'S /Knix). It is ele- 
mentary that 

(2.1) Qn+l{x) = Qn{x) + x"+lQ„_i(x). 



It can also easily be checked that if |x| = 1, then for n > 1, 



(2.2) 



\Pn{x)Qn^l{x) - Q„(x)P„„i(x)| = 1. 



It follows easily from the triangle inequality that, for n >2, 



(2.3) 



\Qn{x)\ < Fn+l. 



where {-Fj}^^ denotes the Fibonacci sequence defined by Fi = F2 = 1 and 
Fi+i = Fi + Fj_i. 

Suppose lim„_»oo -P„(j/)/Qn(?/) = F G C for some y on the unit circle. 
Then, by (pi), 



\Qn{y)Qn-i{y)\ 



Pn{y) Pn-i{y) 



Qn{y) Qn-iiy) 
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< 



Pn{y) 



Qn{y) 



L 



+ 



Pn-i{y) 



Qn-i{y) 



L 



Thus liuin^oo\Qn{y)Qn-i{y)\ = CO- We will exhibit an uncountable set 
of points, of measure zero, on the unit circle such that if y is one of these 
points then lim^^oo \Qn{y)Qn-i{y)\ / oo so that K{y) does not converge. 

Lemma 1. With the notation of Theoren^, for t G S, we have 



t 



Ci{t) 



< 



1 



for infinitely many i. 

Proof. Let i be one of the infinitely many integers for which Oj+i(t) > c^'^''*-' 
and let tj+i = [ai+i(t),aj+2(t), • • • ] denote the i-th tail of the continued 
fraction expansion for t. Then 



Ci{t) 



d^{t) 



ti+lCi(t) +Ci__l(t) Ci{t) 



< 



ti+idi{t) + di^i{t) di{t) 

1 
di{t){ti+id^{t) + di^iit)) 

1 
di{t){ai+i{t)di{t) + di-iit)) ^ di{tycj)'^^(') 



< 



D 



Lemma 2. Let x and y be two points on the unit circle. Then, for all 
integers n > 0, 

(2.4) |Qn(x)-Q„(y)| <n20"|x-y|. 
and 

(2.5) \Pn{x) - Pn{y)\ < (n + l)20"+i|rE - y\. 



Proof. The assertions of the lemma can easily be checked for n = 0, 1. 

Let f3i = \Qi{x) - Qi{y)\ and Si = {i + l)Fi\x - y\. Using (P) and dp) 
it easily follows that 

(2.6) I3n < I3n-1 + (3n-2 + 6n-l. 

Iterating this last inequality downwards gives that, for r = 2, • • • , n — 1, 

r-l 

(2.7) Pn < FrPn-r+l + Fr-lPn-r + /_^ FiSn-i- 



The claim is true for r = 2 by (|2.6D . Suppose it is true for r = 2, • • • , s. 
Then 

s-l 
Pn < FsPn-s+1 + Fs-lPn-s + /_^ FiS-n-i 



i=l 
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s-1 



< Fs{(3n-s + (3n-s-l + -^n-.) + Fs-lPn-s + Y^ Fi5, 

s 
= Fg^iPn-s + FsPn-s-l + 2_^ ^i^' 



n—i 
i=\ 

s 



-"n—i 
i=l 



and (2.7) is true by induction for 2 <r <n — 1 



Recall that /3i = and /32 = \{l + x^) - {I + y'^)\ < 2\x-y\. Now in (|2^) 
let r = n — 1. This gives 

71—2 n—1 

Pn < 2Fn-i\x-y\ + ^Fi5„_j = ^Fj(n-i + l)Fn-i\x-y\ 

i=l i=l 

n — 1 

<^</)"(n-i + l)|x-y|, 

i=l 

using the bound Fj < (j>> . This last expression simplifies to 



|x — y|N^i<n (f)^\x — y\. 



4=2 



( |2.5|) follows similarly. 



D 



To show our set has measure zero, we use the following lemma. 



Lemma 3. ([^) Let f{n) > 1 for n = 1,2,- ■ ■ and suppose J2'^=i^/fi^) < 
oo. Then the set S* = {t £ (0,1) : ak{t) > f{k) infinitely often} has 
measure zero. 

Suppose X is a primitive ?n,-th root of unity. From [^ , one has the following 
table of values for Pm~2{x), Pm-i{x), Qm-2{x) and Qm~i{x). 

Proof of Theorem \^ Let t (^ S with convergents {cn/dnj^o- ^^^ V ~ 
exp(27rit) and let Xn = exp(27ri c„/(i„). By Table |l|, 

(2.8) max{ |Qd„_i(x„)|, |Qd„-2(x„)| } < 2. 

Using in turn. Lemma |2|, the fact that chord length is shorter than arc 
length, and Lemma |l], it follows that, for infinitely many n, 

(2.9) \Qd^-l{Xn) - Qd„-l(y)| < {dn - l?(t>''--^\Xn " y\ 



< {dn - \f<f-~^2T: 

n-lV 271 
dn J 



dn 



<|-<^V?!L<4. 
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m 


Pm-2 


Pm-l 


Qm-2 


Qm~l 


5/x 





2m —2m 
— X 5 — X 5 


2m —2m 
— X 5 — X 5 





5/i+l 


l-m 
X 5 


1 





-1 + m 
X 5 


5/i-l 


1 + m 
X 5 


1 





-l-m 
X 5 


5/i + 2 


l + 2m 
— X 5 





1 


-l-2m 
— X 5 


5/i-2 


l-2m 
— X 5 





1 


-l + 2m 
— X 5 



Table 1. 



Similarly, 

(2.10) |Qd„-2(Xn)-Qd„-2(y)|< 



(i„-2\^ 27r 



dn 



<4. 



Applying the triangle inequality to ( |2.9D and ( p.lO ) and using ( |2.8D gives 
|(3(i„-i(y)| < 6 and \Qdr,~2{y)\ < 6. Finally, we have that 

IQd„-i(y)Qd„-2(y)|<36. 

Since this holds for infinitely many terms of the sequence {dnj^o ^^ follows 
that lim„-+oo Qn{y)Qn-i{y) / CO and thus K{y) does not converge. 

We next show that S has measure zero (it is clearly an uncountable set). 
Let f{{) = 0-^«, i = 1, 2, • • • . Then it follows that X^^i l//(i) < oo. Let 

S* = {te (0, 1) : ai+i{t) > (/>-^"+i infinitely often} 

so by Lemma (y) S* has measure zero. 

Recall S = {t e (0,1) : ai+i{t) > c/)'^^^^^ infinitely often}. S C S*, since 
di{t) > -Fj+i, and thus 5, being a subset of a set of measure zero, has measure 
zero. 

D 

Proof of Corollary \^' Denote the i-th convergent of the continued fraction 
expansion of t by Ci/di. We will show that, for i = 1, 2, • • • , 



(2.11) 



fli+i > 2'^' > (p'^' 



Then K{y) will diverge by Theorem |l[ 
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2^ + 1 



(2.12) 2'^' < ai+i ^^ di<2 



i twos 



where the notation indicates that the last integer consists of a tower of i twos 
with an i + 1 on top. It can be easily checked that the second inequality 
holds for i = 1,2. Suppose it holds for for z = 1, 2, • • • , r — 1. Then 

2^ 2^ 2^^ - 1 

dr = ttrdr-l + C?r-2 ^2 X 2 +2 



r twos (i — 1) twos ir-2) twos 

2^ + 1 



< 2 



Thus the first inequality in ( p. 12 ) holds for all positive integers i and the 
result follows. 

D 

We will in fact show later that K{y) does not converge generally when y 
has the value stated in the corollary above. Note that the convergents of the 
continued fraction expansion converge very fast to i - the third convergent 
agrees with t to over 10^^^'^'^ decimal places! 

Remark: It is possible to replace the set S by a similar set, say 

S^ = {te (0, 1) : ai+i{t) > K^'^'W infinitely often}, 

where k is a positive constant and Theorem |l| will still hold for all t in S^- 
However IJKeM+ '^'^ ^^^^ ^^^^^ have measure zero. 

3. Divergence in the Generalized Sense 

For ease of notation later, define Ys = {exp(27rzt) : t G S}. We first prove 
the general convergence of K{y) when y is a primitive 5m-th root of unity, 
some ?TT, S N. 



Proof of Proposition |J.- From y], for < r < m. 
From Table |l], 

2m 2m, m rn_ 

P-m-l = -X 5 - X 5 , Qm-2 = -X 5 - x 5 
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Let {un}^=i be a sequence in C. It is convenient to split n G Z+ into residue 
classes modulo m. We put n = qm + r. From ( |3.lD , 

(3.2) 



^n\Un) 






n-1 



n 



m—l 



J r ~r Un-^r—l 



Qm-2 J Qr + UnQr-1 
-'m—l \ -'m—l ~r Un^rn—l 



1 < r < m — 1, 



m 

Suppose that x~^ is in the second or third quadrants. Then 



m. 



\Pm-l\ = 2cOS ( — j < \Qm-2\ 



'■K 

2 cos ( — 
5 



Hence 

(3.3) 



m— 1 



Q 



m-2 



< 1. 



We now construct two sequences {vn} and {wn} which satisfy the conditions 
for general convergence at x. Let 



M = max 

l<r<m 



Qr-\ 



■■ Qr-1 / 



Put Vn = M + 1 and w„ = Af + 2, for n = 1, 2, • • • . Hence 

liuimfd{vn,Wn) > 0, 
and by (jsj) and (U), 



-* n ~r Vni-a—l 



Pfi + WnPn-l 



hm — = hm 

"^'^ Qn + VnQn~l "-*°^ Qn + WnQn-1 



0. 



Thus i^(2;) converges generally to in this case. 

Next suppose that x~5" is in the first or fourth quadrants so that 



IP, 



m— 1 



2cOS ( -) > \Qni-2\ 



2 COS I -^ j 



Then 

(3.4) 

In this case let 



P, 



m— 1 



^m—i 



> 1. 



M 



max 

l<r<m 



Pr 



Pr-1 



■■ Pr-1 / L 



As before, let f „ = M + 1 and w„ = M + 2, for n = 1, 2, • 

linim{d{vn,Wn) > 0, 



Hence 
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and by Q and Q, 



,. Pn + VnPn-l ,. Pn + WnPn-1 

iim — — = iim — — = oo. 

n^oo Q^ + VnQn-1 "^°° Qn + WnQn-l 

Thus K(x) converges generally to oo in second case. 



D 



Proof of Proposition |^ Let the i-th convergent of C = 60 + K^=iO-n/bn 
be denoted Ai/Bi. Suppose the odd convergents tend to /i and that the 
even convergents tend to /2. Further suppose that C converges generally to 
/ S C and that {vn}, {w„} C C are two sequences such that 



,. An -{- Vfi-An—l .. An -\- WnAn-l . 

hm = hm = / 

n^oo Bn + VnBn-1 n^°° Bn + WnBn-1 



and 

liinm{d{vn,Wn) > 0. 

It will be shown that these two conditions lead to a contradiction. Suppose 
first that |/| < 00 and, without loss of generality, that f ^ fi- (If / = /i 
then / 7^ /2 and we proceed similarly). We write 



An + WnAn—l » An + VnAn—l „ ' 

-Dn + Wn-Dn-l On + Vn^n-l 



where 7™ — > and 7^ ^ as n ^ 00. By assumption we have, for n > 0, 
that A2n = B2n{f2 + a2n), Mn+\ = ^2n+i(/i + a2n+i), where ai ^ as 
i -^ 00. Then 



Mn + W2nMn-\ P2n{f'l + OLin) + W2nB2n-l{fl + a2n-l 



B2n + W2nB2n-l B2n + W2nB2n-l 

= f + l2n- 

By simple algebra we have 

B2n (-/ + /2 + a2n " 72n) 



W2'n 



B2n-l (/ - /l - a2n-l + 72 n) 
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Similarly, 



V2n 



B2n y-f + f2 + a2n "72, 
B2n-1 (/ - /l - a2n-l + 72, 



If / / /2 then 



,. ,. X , -,. \V2n - 'W2n\ „ 

lim d{V2n,W2n) < lim j j = 0. 

n— >oo n— >oo 14^2,1 



Hence / = /2, 



and 



W2n 



V2r. 



B2n {oi2n - l2i 



B2n~l (/- /l - a2n-l +72? 



B2n {a2n - 72r 



B2n-1 (/ - /l - a2n-l + 72n) 



Now we show that 



lim 

n^oo 



B 



2n 



OO. 



B2n-1 

For iff not, then there is a sequence {nj} and a positive constant M such 
that \B2ni/B2n^-i\ < M for all Ui and then 



lim d{v2n,,W2n,) < hm |w2ni -W2n,\ 
~- J— >oo 

«2n, -72ni 



< lim M 

i— »oo 



"2 Ui — 72 n. 



/-/l -a2n,--l +72n, / " /l -"2^,-1 +72n, 



0. 



Similarly, 



and 



W2n+1 



V2n+1 



B2n+l I fl — f2 + Oi2n+l — 72n+l 

B- 



2n 



72n+l — «2n 



-B2n+1 / /l - /2 + a2n+l " 72n+l 



B 



2n 



72n+l - «2r. 
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We now show that 



n—*oo 



2n+l 



B2n 

If not, then there is a sequence {rii} and some M > such that \B2ni+i/B2ni \ 
> M for all Tij. Then limi^oo W2ni+i = ^^^i-^oo V2ni+i = oo and linij^oo 

div2ni+l,'W2ni+l) = 0. 

Finally, we show that it is impossible to have both lim„^oo \B2n+i/B2n\ = 
and lim„_^oo |-B2n/-B2„_i| = cxd. For ease of notation let Bn/Bn-i be 
denoted by r„, so that r2n -^ oo and r2n+i ^ 0, as re — > oo. From the 
recurrence relations for the i?j's we have 

r2n{'f2n+l — ^2n+l) = Cl2n+1- 

and 

r2n-lir2n - hn) = a2n- 

Thus 

f'2n «2n+l'^2n-l 



'f2n — b2n «2n('^2n+l — ^2n+l) 

and by ( 1.11| ) and ( |1.12| ) the left side tends to 1 and the right side tends to 



0, as re ^ oo, giving the required contradiction. 
If / = oo then we write 

An + WnAn-1 _ J_ 
Bn + WnBn~l 7n ' 

where linin^oo 7n = 0. With the a^'s as above we find that 



B2n (-l + /2 72n + a2n72n) 
W2n ^ 



and 



B2n-1 (-l + /l72n + a2n+l72n) 
B2n (-l + /2 72n + "2n72, 



V2n 



B2n-l (-l + /l72n + "2n+l72n) 

In this case it follows easily that lim„^oo d{w2n-,V2n) = 0. 

D 

Before proving Theorem]^ and Proposition ^, it is necessary to prove some 
technical lemmas. In what follows, x is a primitive rre-th root of unity, where 
m ^ O(mod 5). ^ = (-^/5 + l)/2, Kj = Kj{x), Pj = Pj{x) and Qj = Qj{x), 
for j = 0, 1, 2, • • • . Frequent use will be made of Binet's formula for F^. 

Recall also that limk^oo Fk+i/ Fk = (p- 
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We also use the following facts, which can be found in Q or deduced from 
Table |. 



(3.6) 



i'^qra+r — ^{q—l)ni+r ' ^(q— 2)r 



Qqm+r — Q(q-l)m+r + Q{q—2)m+r- 



For < r < m, there exist constants br and 6^ such that 



(3.7) 



Qqm+r = br<tfl + bj.4fl . 



(3.8) Q 



2m— 1 — Wm—li 



Qr 



P2m-l — Prn-l + 1, 



-f2m-2 — Pm-2 



and 



Q2m-2 — I +Q 



m~2- 



Lemma 4. For q > 2, 

(3.9) cj)i-^ < \Q. 



I <' rhfl ' 



(3.10) 



m = 1, ~l{mod 5) ^ 0'?-2 < |Q^^^^_2| < ,^9-1; 



(3.11) 



m = 2, -2(mod 5) ^ (/>« < |Qgm+™-2| < 0'^+^ 



(3.12) 



< 



n;gm+m— 1 
ttTgm+m— 2 



< 
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Proof. Using ( |3.7| ) and (^^) it follows that 






From Table ||, IQm-il = 1 and since g > 2, it follows that 



V5 



1-7B <ia 



' qm+m—l 



< 



^g+1 



1 + ^ , 



and (3.9) follows easily. 

Applying ( p. 7] ) with r = 2m — 2 and using the values from (^^) one finds 
similarly that 



^qm-\-im—2 — * 



^7h(^^ 



m = 1, — l(mod 5), 



-ig((/)9+2 - (/,g+2)^ m = 2, -2(mod 5). 



If m = 1, — l(mod 5), then 






and ( 3.10| ) follows. If m = 2, — 2(mod 5), then 



(/.9+2 / 1 \ , , (/)«+2 / 1 

' 1 - ^ 1 < \Qqm+n,-2\ < ^^ ( 1 + 



V5 



^ 



and (|3.11 ) follows. ( ^.12 ) is an immediate consequence of the preceding 
inequalities. . D 



Lemma 5. For q>2, 

- < \Kqm+m-lix) - K{x)\ < -j 



(3.13) 
(3.14) 



029+ 
1 



(/)29- 



Y < \Kqra+m-2{x) - K{x)\ < 



7-2- 
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(3.15) max{\Rgm+m-l{x) - R{x)\, \Rqm+m-2{x) - R{x)\} < 

Proof, (p^) implies that 



P. 



^qJ^^m+r ~r i'q—li^r 



qm+r — -'^q-' m+r ~r -Tq 



and 



'^qm+r — ^q'^m+r \ -t'q—l^r- 

Using (^) it follows that 



J^qm+m—l 

Let g ^^ oo to get 



R 



Fo+lPm-1 + Fn 



qm+m~l ^ q+l^m—1 ~r ^ q 



^jgm+m— 1 ^g+lVm— 1 

Pm-1^ + 1 



K{x) 



Q 



m-li 



Since |Qm-i| = 1 we have that 



\K, 



qm+m—l 



K{x) 



F, 



g+i 



%/5 



'-Ml-^^ 



The last equality follows from Binet's formula. Thus for q >2, 



V5 



h2 ( 1 + 1 



ThS 



< \Kgm+m-l - K{x)\ < 



V5 



<A2^+2 1_ 1 



( p. 13 ) now follows. 
Similarly, 



R 



qm+m—2 



Q 



qm+m—2 



Pm-2Fq+l 
Qm-2Fq+l + Fq 



K{x) 



R 



m--2S 



Qm-24> + 1 



We consider the cases m = 1, — l(mod 5) and m = 2, — 2(mod 5) separately. 
In the first case it can be seen from Table ^ that Qm-2 = and |Pm-2| = 1- 
In this case 

V5 



\K, 



qm+m—2 



K(x) 



^9+1 



Fr, 



(-1)^ 
1p^ 
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( |3.14| ) follows. For the second case it can be seen from Table |l| that Qm-2 = 1 
and again |Pm-2| = 1- In this case 



\K, 



qm+m—2 



K{x) 



9+1 



F, 



q+2 



V5 



<t>'^^' (l - ^^ 



and (p^ ) again follows. (|1|) follows from ( p3| ) and (|1§. 



D 



Lemma 6. Letq > 2 and let n = qm+m—1 or qm+m—2. Lety be another 
point on the unit circle. Suppose Pn{y) = Pn{x) + ei, Qn{y) = Qn{x) + €2, 
with e = max{|ei|, |e2|} < 1/2. Then 

(3.16) \Kn{y)-Kn{x)\<^. 

If q > 3 and the angle between x and y (measured from the origin) is less 
than 5tt/3 and e < l/(20(/)^), then 

(3.17) |i?„(y)_i2„(:,)|<30|^_y| + ^, 



and 
(3.18) 

Proof. 



\Rniy) - R{x)\ < 3((>\X -y\ + ^ + 



/)g-4 



\Kniy) - Kn{x)\ 



Pn{y) Pn{x) 



Qn{y) Qn{x) 



(^lQn{x) - e2Pn{x) 



Qn{x){Qn{x) +62) 



^ |ei -£2! \e2\\Pn{x) - Qn{x) 



\Qn{x)+e2\ \Qn{x)\\Qn{x) + e2\ 



|ei -£2! , \e2\\Kn{x) - 1| 



\Qn{x) + e2\ \Qn{x)+e2\ 



< 



2e e||i^(x)| + l/(/)29-2 + i| 



\\Qn{x)\-e\ 



+ 



\\Qn{x)\-e\ 



Here we have used ( 3.13| ), ( |3.14 ) and the bounds on ei and 62. Since 
\K{x)\ < (f> and e < 1/2, it follows that 

\Kn{y) - KUx)\ < ||g^(^)|_i/2| + ||g„(:,)|-l/2| 
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5e 



\\Qn{x)\-l/2\ 



< 



lOe 

6^' 



The last inequality follows from (3^), (|3.10| ), ( 3.11 ). Similarily, 



\Rn{y) - Rn{x) 



y 



1/5 



„l/5 



Kn{y) Kn{x) 



Knix){y^/^ - xi/5) + x^/'{Kn{x) - Kn{y)) 



Kn{x)Kn{y) 



^ \x-y\ \Kn{x) - Kn{y)\ 
- \Kn{y)\ \Kn{x)\\Kn{y)\ 



< 



\x-y\ 



+ 



10e/(/)' 



.9-2 



Kn{x)\ - 10e/(/.9-^ \Kn[x)\ \\Kn{x)\ - lOe/0' 



,9-21 



Here we have used ( 3.16| ) and the fact that the bound on the angle between 
X and y implies that \y'^'^ — x^'^\ < \x — y\. Using ( |3.13| ), (|3.14| ) and the 
bound on e it follows that 



\Rn{y) - Rnix)\ < 



\x-y\ 



|i^(x)|-l/</>2,-2_-L/(2</)5)| 

lOe 

+ 



09-2 ||K(x)| - l/,/.29-2| \\K{x)\ - l/c/.^-? - 1/2,^5| 



Since |i^(x)| = (/> or l/cj) it follows that 



\Rniy) - Rnix)\ < 



\x-y\ 



l_l/<^2g~3_^/(20'?-l) 
+ 



lOe 



09-4 (l _ l/<^2g-3^ (|j _ i/02g-l _ 1/(2^9-1)) 



< 



\x -y[ 



1 - 1/c^' - 1/(202) 
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lOe 



+ 



60e 



Finally, ( glsj) follows from (|1|) and ( p7|) . D 

Lemma 7. There exists an uncountable set of points on the unit circle such 
that if y is one of these points, then there exists two increasing sequences of 
integers, {ni}^^ and {mi}^^ say, such that, 

lim Rn,{y) = lim i?„^_i(y) = Ra, 

lim RmAy) = lim Rm,^i{y) = Rb, 

2— >oo ?.— +00 

for some a, b £ {1,2,- ■ ■ , 10}, where a ^ b. 

Proof. With the notation of Theorem y, let t G 5^ and set y = exp(27rit). 
Let Cf^/df^ be one of the infinitely many convergents satisfying (|1.5|) and 
( |1.6D and set Xn = exp{27ricf^/df^). Then R{xn) = -Ra and 

(3.19) \xn-y\< 



4jd/„ + i)2/L+2<^/n 



For the last inequality we have used the condition on the a/^^+i's in (|1.6| ) 
in the same way that the condition on the aj+i(t)'s in (1.3) was used in 



Lemma ^ and the fact that chord length is shorter than arc length. Let 
k = d'j^+ df^ - 1 or (ff^ + d/„ - 2. By (^, (^ and ( p^ it follows that 

|Pfc(x)-Pfc(y)|<-]- 
and 

(3.20) \Qk{x) - Qkiy)\ < 



By ( |3.18D , with k as above, q = m = dj^ and e = l/(p f" , it follows that 

(3.21) \Rkiy) - Ra\ = \Rk{y) - R{xn)\ 

3(1) 60 1 

< 1 1- 



< 



500 



Thus 



(3.22) lim i?^2 +d, _i(y) = lim /?rf2 +d,, -2(2/) = ^a- 
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Similarily, 
(3.23) lim Ra2 +dg„-i{y) = lim Ra2 +d 2(y) = Rb- 



It is not difficult to show that S^ is an uncountable set and from the 
remark following Theorem ^ it follows that it has measure zero. Thus 
G = {exp{2Trit) : t G S^} is an uncountable set of measure zero. D 



Proof of Proposition §: The proof is similar to that of Lemma l^. Let 
W = {Wiji^i = {Rq, Rt, Rs, Rg, Rio, R2, Ri, Ri, Rb, Ri, Rs, Rr}- 



Note that W contains all ten of the values taken by the Roger s-Ramanuj an 
continued fraction at roots of unity. Consider the following continued frac- 
tion: 



(3.24) a = [0,1, 3, 2, 3, 2, 1,1, 2, 3, 2, 1,3, 3, 5] := [0,ai,O2, 

Modulo 5, the convergents are 



.0132404420223 
(3-25) M'T'4'4'T'T'2'3'3'2'2'4'4 



where the bar indicates that, modulo 5, the convergents repeat in this order. 
Let t be any irrational in (0, 1) such that, for i > 1, the i-th partial quo- 
tient, bi, and the i-th convergent, Ci/di, in its continued fraction expansion, 
[0, 61, ^2) • ■ ■ ]) satisfy the following conditions. 

(3.26) {i) bi = ai{mod5), 

1 



(h) 



di 



< 



where the Oj's are as in equation ( |3.24| ). 

Set y = exp(27rit) and let Xn = exp(27rfc„/(i„), so that 

Here we once again have used the fact that chord length is less than arc 
length. Set r = n(modl2), for n > 0. Then it can be easily checked, using 
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(iLlD and (|335| ), that 

(3.28) ''M-lZ- '■''° 

Wi2 r = 



Let k = dl + dn-loTdl + dn-2. By (U), (U) and (l3^ ) it follows that 



Wkixn) - Pk{y)\ <4- 



and 

(3.29) \Qk{xn) - Qk{y)\ < 



dn ' 



By ( |3.18D , with k as above, q = m = dn and e = l/<p'^", it follows that 
(3.30) |fifc(y) - R{xn)\ < ,,,, , ?t ..2^,.„ + -J^. + 



< 



d2((i„ + l)2^4+2rfn 02d„-4 02d„-3 

500 



/,2d„ 



Next, for each j E {1, 2, . . . , 12}, define a sequence of integers {sij}^^^, by 
setting Sjj = (ii2(i-i)+j + c?i2(i-i)+j- By ( |3.28D , R{xi2(i-i)+j) = Wj and so, 
from ( pop , 

l^(s,,-i)(y) - ^jl < n.^°° ; 

l^(s,,-2)(y) - VF,I < /^^ . 

It follows that 

lim i?(s^^^_i)(y) = lim i?(^^__2)(y) = W^-- 



Both results hold for 1 < j < 12. Since the set W contains all ten of the 
i?j's the result is proved for this particular t. 

Let S denote the set of all such t € (0, 1) and set G* = {exp(27rit) : t £ 
S }. Clearly G* C Ys and is also uncountable. 

D 



Proof of Theorem ^ Let y be any point in G, where G is as defined 
in the proof of Lemma |^, and let t be the irrational in (0, 1) for which 
y = exp(27rit). 
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Suppose R{y) converges generally to / G C and that {vn}, {wn} are two 
sequences such that 

1- Pn + VnPn-l ,. Pn + WnPn-1 V^ 

lim — — = lim — — = —r '■= 9- 

Suppose first that \g\ < oo. By construction there exists two infinite 
strictly increasing sequences of positive integers {ni}^^, {rrii}^^ C N such 
that 

y^ _ ,,_ PnM _ ,,^ Pn^-i{y) 



Ra i^oo Qn-{y) i^ooQ„._i(y) 



and 



Lb:= ^ = lim ^'"'(^^ = lim :^kziM, 

for some a / 6, a, 6 G {1, 2, • • • , 10}. Also by construction each rij has the 
form (i^ -l-dfci — 1) where dfc. is some denominator convergent in the continued 
fraction expansion of t, and likewise for each rrii. It can be further assumed 
that La 7^ g, since La 7^ ife- For ease of notation write 

Pn,{y) = Pn,, QnXy) = Qn,, 

Pn,-l{y) = Pn,-1, Qn,-l{y) = Qn,-1- 

Write Pn, = Qn,{La + enj and Pn,-i = Qn,^i{La + (JnJ, where e„^ -^ 
and (Jn- — > as i — > cxd. Thus 

QmJLa + enj + Wn,Qn,-l{La + Kj) _ 

Qi /-> — 9 ~T~ ^ni i 

n, + Wn,Qn,^l 

where 7^^ — > as z — > 00. This last equation implies that 

^rii ^ni ^Ui On^ 



Wn, + 



Qni-1 Qni-1 9 - La + ln,- Ki 

Because of ( 3.12| ), the fact that each rn has the form (i|. + dk^ — 1, where 



(i/j. is some denominator convergent in the continued fraction expansion of t 
and ( 3.2C| ), it follows that Qm/Qni-i is absolutely bounded. Therefore the 



right hand side of the last equality tends to as i ^ 00 and thus 
(3.31) Wm + Qm/Qm-i ^ as n^ ^ 00. 



Note that \wni\ < 00 for all i sufficiently large, since IQm/Qni-il < 00. 
Similarily, 



(3.32) Vrii + QnJQn,-! ^ aS Uj ^ OO. 
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By the ( 3.31D , ( |3.32| ) and the triangle inequahty 



hm \vrn -Wml = 0. 

j— >oo 

Thus 

lim inf d{vn,Wn) = 0. 

Therefore R{y) does not converge generaUy. A similar argument holds in 
the case where g is infinite. 

Since G is uncountable and of measure zero, this proves the theorem. 

D 

Corollary 4. Let y be as in Corollary |J. Then K{y) does not converge 
generally. 

Proof. Let t G (0, 1) be such that y = exp(27rif). Recall that t = [0, ai,a2, 
• • • ], where Oj is the integer consisting of a tower of i twos with an i an top. 
Modulo 5, the convergents in the continued fraction expansion of t are 

fO 112303314044320224 1 
(3.33) \T'2'3'0'3'3'T'4'0'4'4'3'2'0'2'2'4'T'0'T 

where once again the bar indicates that the convergents repeat modulo 5 in 
this order. In particular, there are two fractions, r/s and u/v say, such that 



( |1.5D and (1.7) holds. Thus it is sufficient to show that 
(3.34) 



di 



< 



27rd2(di + l)2</.'^?+2'^«' 

for all 2 > 3, where Cj/dj is the i-th convergent in the continued fraction 



expansion of t. In particular ( 3.19| ) will hold and likewise a similar inequality 



when fn is replaced by gn, where {c/„/ci/„} and {cg„/dg„}, are the two 
sequences of convergents corresponding to r/s and u/v. This in turn will 
ensure that y G G so that K{y) will not converge generally by Theorem ^. 
We will show that, for i > 3, 

(3.35) ai+i > le'^? 

This will be sufficient to prove the result. Indeed, let ij+i = [flj+i, aj+2) ■ ■ ■ ] 
denote the i-th tail of the continued fraction expansion for t. Then 

flj+i > 16^i = 4^ ■ ^i > A^^i + 1) 
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> 27r((i, + ifc/)"^^ + 2*^* 



Ci 

di 



f-i+lQ + Cj_i Cj 



^i+lC^i + di-i di 



1 



di{ti-\-idi + dj-i) 



< 



di{ai^idi + di-i] 



< 



d^a. 



i+l 



< 



2TTdf{di + l)^(j)di +2di 



Thus all that remains is to prove (|3.35| ). The proof of this inequality is 
similar to that of ( |2.11| ). 



ii + 1 



(3.36) 



16^i < Oi+i ^^4:df < 2 



i twos 



where the notation indicates that the last integer consists of a tower of i 
twos with an z + 1 on top. It can be easily checked that the second inequality 
holds for i = 3,4. Suppose it holds for for i = 3, 4, • • • , r — 1. Then 



idl =4{ardr-i +dr-2f < 4:i4:ardf._i + 4d: 



'r~2) 



( iF 2^ 



<4 



2^-l\ 



4x2' X 2' +4x2' 

rx2's (t— 1) twos ('■—2) twos 



,r + l 



<2 



T twos 
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Thus the first inequahty in ( p.36 ) holds for ah positive integers i > 3 and 



the result follows. D 

Proof of Corollary q: Showing that the i-th partial quotient, bi, and the 
i-th convergent, Ci/di, of the continued fraction expansion of t satisfy the 
conditions in ( |3.26| ), for i = 1, 2, • • • , will ensure that y ^ G*, where G* is 
as defined in Proposition ^ 

The bi's satisfy the first of these conditions by construction and so all 
that remains is to prove the second. By the same reasoning as used in the 
proof of Corollary Q, it is sufficient to show that 

since 6i+i > gi+i- The details are omitted since the proof is almost identical, 
the only real difference being that 



Igi + l 



16^? < g^+l ^^d]<l6- 



ixie's 

n 

4. Concluding Remarks 

The set of points on the unit circle for which the Roger s-Ramanuj an 
continued fraction has been shown to diverge has measure zero. This still 
leaves open the question of convergence for the remaining points. At present, 
the authors do not see how to use the methods of the paper to tackle this 
question. 

In a later paper we will examine the question of convergence of other q- 
continued fractions on the unit circle, such as the Gollnitz-Gordon continued 
fraction and some other g-continued fractions of Ramanujan. 
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